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Introduction

Schrodinger Hydrogen Atom Energy Levels for Atomic Hydrogen
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Why seek the QED-compatible wavefunction?
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Pedagogical: The Hydrogen Atom story is not complete without it. Currently we have the
Dirac wavefunction with singularity (Darwin, 1928), and even though QED gets Lamb Shift
(1948), the literature has never gone back to correct the singular Dirac wavefunction problem.
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Revealing of Electron Dynamics: A QED-compatible Dirac wavefunction may reveal
something about bound and free electron dynamics that is not yet understood, since the focus
has been on accuracy of spectral energy and not spatial dynamics.

Revealing of Quantum Transition Dynamics: A QED-compatible Dirac wavefunction may
be necessary to understand the dynamics of a quantum transition, where a breakdown of
prevailing assumptions and deeper physics could be seen in non-observable regions (c.f.
Watts, 2000 JASA, Mode-Coupling Liouville-Green Solution for Cochlear Mechanics).



Schrodinger Hydrogen Atom
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Dirac Hyd
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Quantum Electrodynamics (QED)

From Eides, Grotch, and Shelyuto (2007):
According to QED an electron continuously emits and absorbs virtual photons and as a
result its electric charge is spread over a finite volume instead of being pointlike:
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The finite radius of the electron generates a correction to the Coulomb potential:
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The respective correction to the energy levels is simply given by the matrix element of
this perturbation. The finite size of the electron leads to a shift of the hydrogen energy
levels.

But notice, this informal description only gives the mean-squared radius of the electric charge
spread, not the detailed charge distribution.

What is the charge distribution of the electron, consistent with Lamb Shift?

Charge Distribution — Modified Coulomb Potential — Modified Wavefunction



Charge Distribution of the Electron Candidate #1: Charged Shell

From Hestenes (2010):
» Use Space-Time Algebra to reformulate Dirac Solution in canonical form:

v = (pe'®)R

X
» Electron moves on a helical path with radius where *¢ = % is the
Reduced Compton Wavelength of the electron:

We further explore this idea:
» As electron moves around Hydrogen nucleus in spin-1/2 precessing motion, it

appears as a charged shell of radius 7z .
» This leads to a Charge Distribution of

p(r) = =5 8(r —1y),
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Charge Distribution of the Electron: Candidates

Charge Distribution Charge Distribution and Characteristic Radius
Type Modified Coulomb Potential to match Lamb Shift
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Charge Distribution of the Electron: Candidates

(a) Charge Distributions (b) Modified Potentials
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ALL charge distribution candidates must fit inside the
Half-Reduced Compton Radius to match Lamb Shift.

ALL charge distribution candidates tame the singularity of the
Coulomb potential.

Lamb Shift is the result of Sub-Compton Electron Dynamics.



Numerical Solution for Modified Wavefunction

Given a Charge Distribution (i.e., Gaussian) and its Modified Coulomb Potential,
can we find the Modified Dirac Hydrogen Wavefunction?

Hammerling (2010) developed Two-Sided Shooting Method to solve Sturm-
Liouville problems on semi-infinite domains, and the Schrodinger Hydrogen

problem in particular.

We extended that approach to solve the Dirac Hydrogen problem with Modified

Coulomb Potential.
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Numerical Solution for Modified Wavefunction

Conceptual Diagram
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Numerical Solution for Modified Wavefunction
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Numerical Solution for Modified Wavefunction
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Numerical Solution for Modified Wavefunction

Charge Density has “rounded top” at origin — no cusp, no singularity.
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Large Component has “rounded top” at origin, Small Component driven to zero at origin.
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Exponential Charge Distribution leads to same behavior as Gaussian:
rounded top, small component driven to zero at origin.

Same behavior expected for other distributions (Charged Shell, Imaginary Ring).

| believe this is a general result that will hold, regardless of particular charge
distribution shape.

Good analytic approximations found using Confluent Hypergeometric Functions.



Implications for a Free Electron

Existing QED theory for the leading (non-relativistic) term of the Lamb Shift is
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In
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where In ky(n, 1) is the Bethe Logarithm, which has been tabulated (Jentschura and Mohr, 2005)

for the commonly used values of n and .
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Table 3. Bethe Logarithms. The highlighted values (2S, 2P) are used
i}n the Lamb Shift calculation.



Implications for a Free Electron
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All of the candidate charge distributions can be made to agree with Lamb Shift, by
correct choice of radius. Is there a higher-order moment that would distinguish
between them, or specify the correct shape?

(a) Charge Distributions
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Question for Jentschura and Mohr:

Would the detailed calculation of the Bethe Logarithm allow a determination of the
charge distribution (i.e. Fourier Transform to momentum domain, Parseval’s

Theorem)?
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https://www.youtube.com/watch?v=JFSU9X11wyY
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